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From FETI to HFETI
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matrix B per subdomains




From FETI to HFETI

matrix B per subdomains
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Both KKT systems are identical, only matrix B on right
side is reordered and divided per rows (with matrix P)
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From FETI to HFETI

/ substitutions
K, O B, u, |k
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From FETI to HFETI

4 independently floating subdomains
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2 independently floating subdomains
sequivalent with FETI-DP approach,
subdomains 1 and 2 (3 and 4) are connected
per corners nodes)
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Kernel of one cluster is assembled
from kernels of its all subdomains.
All subdomains' kernels have to be
written from one coordinate system
(requirement of the compatibility).



HFETI Matrix G (and GG')
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Our new TFETI and HFETI Solver

* Implementation in C++
— based on Intel MKL

e sparse and dense BLAS routines
e PARDISO direct sparse solver

— compiled with Intel Compiler and Intel MPI

* Parallelization tools and strategies

— hybrid parallelization for multi-socket, multicore compute nodes
* enables over subscription of CPU cores — each core can process multiple sub-domains

— distributed memory parallelization — MPI

e use of MPI 3.0 standard features (Intel MPI 5.0 Beta)
— non-blocking global operations (MPI_lallRedeuce, ...) for global DOT product

— shared memory parallelization — using Intel Cilk+
e enables parallel reduction using custom reduce operations with C++ objects
e conversion to OpenMP is planned using OpenMP standard 4.0



HFETI Solver — development stages

e Stagel

— optimization of global communication of FETI solver

e using communication hiding and avoiding techniques

— pipelined CG solvers
» single global reduction

— solving coarse problem using distributed inverse matrix
» single global AllGather operation (instead of MPl_Gather and MPI_Scatter)
» parallel solve — each subdomain has only 6 dense rows of (GG™)!

— nearest neighbor communication optimization — multiplication with gluing matrix
» B for FETI and B1 for HFETI (next slide)
» fully scalable with groving number of compute nodes



Reduction of global communication in
FETI and HFET]



Hiding latencies in Krylov solvers

Preconditioned Conjugate Gradient Chronopoulos/Gear CG

ro:=b— Axy: up .= M 1ry; po = U Only one global reduction each iteration.
fori=0.....m—1do
— Ap: 1: rg:=b— Axp; Up .= M 1ry; wp := Aup
C P 2 ag = (1o, to) / (Wo, to); B 1= 0; 7o := (1o, o)
o= {ri,u;) / (s, p;) - o .= \lo, Up 0. Uo/, P .=V, 7o -= \lo, Uo

3: fori=0..... m—1 do

Xji+1 = Xj + ap;j )
4 pij = Ui+ Pipi-1

e B o ST

_ _1 B Si .= Wi + [3iSi—1
U1 := M= r;
’_.H i+1 6: Xi+1 = Xj + apj
3= {rii1, UH_l)g/ (ri, uj) A PR
0: Pi+1 -— Uj+1 + |/ Pi 8- Ujry = M_lr,-_H
10: end for :
90 Wiy1 = Aujy;
10: LY =t -(r,-+1. U,'_+_1>
11: 0 = (Wjy1, Ujy1)
Sparse Matrix-Vector Dot-product 12: Bix1 = Yis1/7i
product » Global communication 13:  ajy1 = Yit+1/ (0 — Bir1viv1/ai)
» Only communication » Scales as log(P) 14: end for
with neighbors Scalar vector multiplication,
» Good scaling vector-vector addition

» No communication



1: ro:=b— Axp; Up := M~ 1ry; wo := Aup
2: ag = (ro, Up) / (wo, Uo); 3 := 0; vo := (ro, Uo)
3 fofi=10...., —1do
4 pi = Ui+ Pipiaa
5: Si '= Wi + Bisi—1
6: X,_T_l pr— X, —|— “pi
T B
; e Rf=1
8 Uiy1:=Mrig
9 Wiy = Aujiq
10:  vi+1 = {li+1, Ui+1)
11 Q) o <W,’+1. U,‘+1>
122 Bigr = vie1/7i
13: aig1 =741/ (0 — Biyrvi+r/ i)
14: end for

Sparse Matrix-Vector
product

» Only communication
with neighbors

» Good scaling

Hiding latencies in Krylov solvers

Chronopoulos/Gear CG

Only one global reduction each iteration.

Dot-product
» Global communication
» Scales as log(P)

vector-vector addition
» No communication

Scalar vector multiplication,

Preconditioned pipelined CG

1: ip:=b—Axo; up:= M1ry; wy := Aug
2: fori=0,... do

3 A i=in,p

4: 0 = <W,', U,')

5  m; =Ml

6: nj:= Am;

7: if i > 0 then

8: Bi i=vifvi—1: @i =i/ (6 = Biyif@i-1)
0: else

10: Bi:=0; aj : =7/

11:  endif

12: zZi = n; + [3izi—1
13: qi ‘= mj + ')7iqi—1
14: s;:= w; + Bisi_1
15:  pj = Ui+ Bipi—1
16: Xi+1 = Xj + Q;pj

17: Fiv1 1= i — «S;
18: Uity "= Uj — «;q;
19: Wity = W; — «;Z;
20: end for



Hiding latencies in Krylov solvers:
Cost model

» G := time for a global reduction

» SpMV := time for a sparse-matrix vector product
» PC := time for preconditioner application

» local work such as AXPY is neglected

flops time (excl, AXPYS, DOTS) #glob syncs | memory
CG 10 2G + SpMV + PC 2 4
Chro/Gea 12 G + SpMV + PC 1 5
pipe-CG 20 max(G, SpMV + PC) 1 9

P. Ghysels and W. Vanroose, in Press, Parallel Computing, 2013



Reduction of global communication in
FETI and HFET]

 MPI processes iterate only over As “they need” for local processing
* in case of FETI — the As required for multiplication with B matrix of a subdomain

e in case of HFETI — the As required for multiplication with B1 matrices of all
subdomains per cluster

e global update of vector A
* becomes only nearest neighbor type of communication
e scales with number of MPI processes (subdomains)
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HFETI Solver - Benchmark

3D CUBE - elasticity

 FETI

e HC- FETI decomposition into sub-domains
e (h%3-number of elements per subdomain

o HFETI

e H¢-decomposition into clusters
e H> —cluster decomposition into sub-domains
* (h®) 3= number of elements per sub-domain

decomposiotion Ax;
A to clusters : H <
:_x3 N -—
S by [
| ] | B
| : ! A | =
; 9 ] Ak
1 ! 1 Y
i | (FORMAN = tisre ias 11si A
i | |t > et
I | -
: : A~ |
B ] L x, Bt (o= i
S PR 1 C I ~cal] I
T - v |E 19
sl RPNt e ’
| s ] it mmmp—— — L L el [
;M_._.._.._ S ———— P h(,: s .
X, x ya — f decomposiotion — }\., 7\, s
: to subdomains d g c



Stage 1: optimization of global
communication for FETI solver

FETI iteration time (measured on Anselm)

0,025
o,
()
0,02 | £ —e—FETI - CG with 2 reductions
E o—FETI - CG with 1 reduction .
0,015 'g —e—FETI - CG with 1 reduction - GGTINV
Q
0,01
0,005

- / -
) s Number of subdomains [-]

0 200 400 600 800 1000 1200 1400 1600 1800 2000

- CG algorithm with 2 reductions — is a general version of the CG algorithm

- CG algorithm with 1 reduction - is based on Preconditioned Pipelined CG algorithm, where
projector is used in place of preconditioner (this algorithm is ready to use non-blocking global
reduction for further performance improvements (comes in Intel MPI 5.0))

- GGTINV — parallelizes the solve of coarse problem plus merges two Gather and Scatter global
operations into single AllGather

- 53 =3*(5+1) 3= 648 DOFs — small domain size is chosen to identify all communication
bottlenecks of the solver




Engine Benchmark —
Superlinear Strong Scaling with FETI

2.5 millions of DOFs

decomposed into: 34, 64,
128, 256, 512 and 1024
subdomains

FETI solver

measured on Anselm

— 128 nodes with 16 CPU
cores (2x8)

— 8 subdomains per node




Engine Benchmark —
Superlinear Strong Scaling with FETI

Engine 2.5 millions - FETI - iteration time
Number of subdomains [-]

o 1
GEJ 32 64 128 256 512 1024
e —e—REGCG - LUMPED - GGTINV
= —e—PIPECG - NOPREC - GGTINV
g 0,127351 —e— REGCG - LUMPED - NOGGTINV
=51 —e— PIPECG - NOPREC - NOGGTINV
' = 0.05973 --e-- Linear strong scaling (based on 32)
0,112963 e 0,025983
0,048849 -
0,01942
0,01
0,005946 b g
_ 0,002672 0,002782
Anselm - 8 subdomains per node for 2x8 CPU cores 0,001466

0,001



Engine Benchmark — Strong Scaling

Number of iterations [-]
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—e—REGCG - LUMPED - GGTINV
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—e—REGCG - LUMPED - NOGGTINV
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FETI - time per iteration for various
utilization of compute node:

Anselm: 8, 15 and 16 MPI processes per node

1
32 64 128 256 512 1024
—o— P|PECG NOPREC GGTINV - 16 PPN
—o— P|PECG NOPREC GGTINV - 15 PPN
0,109207 —e— PIPECG NOPREC GGTINV - 8 PPN
0,1 Linear strong scaling

0,048377
0,092995

0,021125

0,041167 0,009398

0,01 0,005372
0,017741 0,004763
e ——
0,007603 —
0,003226 (99196
0,001

Since solver is memory bounded using 8 CPU cores per node gives each process faster
access to the memory and significantly improves the performance.



Large Scale Benchmarks

e 3D cube - elasticity benchmark

— highly parallel benchmark generator
scales up to thousands of sub-
domains

— large sub-domains 120,000 to
160,000 DOFs

* sparse direct solver takes most of the
memory and processing time (over
99%)

» Tested on Total FETI method only

— shows the bottleneck of the method
— the coarse problem that will be
reduced by using total Hybrid FETI
method
 No preconditioner

— will be implemented in near future

Visualization of displacement



TFETI - Scalability of iterative solver

0.7
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0.4

0.3

0.2

0.1

FETI - 3D cube elasticity benchmark - Time per iteration - SurfSara
Cartesius

243,548,211 386,362,875 576,300,099 820,078,347

309,485,127 475,021,263 691,039,191 964,257,375

187,712,319

141,137,643
102,984,375
72,412,707
48,582,831

—e— |teration time([s]

- Linearni (Iteration time[s])

Time [s]

Number of subdomains [-]

1000 2000 3000 4000 5000 6000 7000 8000



TFETI - Scalability of iterative solver
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FETI - 3D cube elasticity benchmark - Time per iteration - SurfSara
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o,
)
g 576,300,099
= 2 e 964,257,375
number of DOFs 691,039,191 820,078,347
SR PR, G0 475,021,263
309,485,127 243548211 —e— Iteration time/[s]
187,712,319  [inedent litaration %
| 141,137,643 inearni (Iteration time([s])
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TFETI - Large Scale Benchmarks

FETI - 3D cube elasticity benchmark - coarse problem time, solution time
and number of iterations - SurfSara Cartesius

number of subdomains / MPI processes 6859_5,,-.-;,

Time [s]

5832 6859
4913 i 5832
number of iterations 40%: P a &g 55
45 46 46 47 47 47 49 aTag OO 50« .
=l 50
44 40 A 3375 —e—GGT time|[s] - subdom. size 151959 DOFs
729 2197 —e—GGT time[s] - subdom. size 164616 DOFs
2= 1728 solver time[s] - subdom. size 151959 DOFs
g o ' 1000 1331 —e—solver time[s] - subdom. size 164616 DOFs

200,000,000 400,000,000 600,000,000 800,000,000 1,000,000,000 1,200,000,000
Number of DOFs - undecomposed

SurfSara Cartesius

BULLx system with 64 GB of RAM per node and 24 CPU cores ( 2 x 12 cores)
benchmark used all 24 cores per node — 2.6 GB of RAM per subdomain



Solution and preprocessing time [s]

TFETI - Large Scale Benchmarks

160
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[EEN
N
o
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Preprocessing, number of iterations and solution time

- - GGT time[s] - 3773 ®
- ® - GGT time[s] - 3873 o " .°
- GGT time[s] - 3973 P
- - GGT time[s] - 4073 -~ * s
—e— Solution time[s] - 3773 " -
—a— Solution time[s] - 3813 o" » i
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300,000,000 600,000,000 900,000,000 1,200,000,000 1,500,000,000
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TFETI - Large Scale Benchmarks

Coarse problem preprocessine time, K factorization time, solution time and
number of iterations - subdomains size 192000 DOFs

- number of iterations

m K factorization

solution time [s]
4
49.22
48.34
B GGT time[s] - 3973 47.83
. . 47.21
m Solution time[s] - 3973
[s] ) o 47.03 S
i‘.:;: 1 2
‘ ' 85.70
24 35 38 4 Wi 5 17 9
37.83 34,58 4L.75 4186 4 4646
15,54 23.39 26.80 1
53.19 56.16 56.63 58.53 57,92 58.11 58.32 5 8 58.73 58.75 58.71 58.80 58.85 58.86 5
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TFETI - Large Scale Benchmarks

Coarse problem preprocessine time, K factorization time, solution time and
number of iterations - subdomains size 206763 DOFs

280 m K factorization
260 ® GGT time[s] - 4073
240 ® Solution time[s] - 4013
220
200
180
160
140
120
100
80
60
40
20

number of iterations
olution time [s]

1,124,416,083 1,322,133,243 1,541,767,203



HFETI Solver — development stages

e Stage?2
— optimization of inter cluster processing
— efficient solution of inner coarse problem



Stage 2: Inter Cluster Processing

* Itisimportant to select correct cluster decomposition

— affects both preprocessing and solution time

domain size|subdomains |si i Anselm
Problem size:
139968 (001072914 -32576 ~120 000
128625|01040325 02217873 (16.381135

139968|10.030154 N 10.04497 Optimal decomposition:
139968 0.034425| 1.893399| 7.490033( 85| | dom. size: 3*(8+1)% = 2187

139968|01064372[13:347334[]  7.876874[sp| | cluster size: 4°= 64

Anselm
Problem size:

352947|0M19834s 121328554 11801041968 |:| ~330 000

331776(00:1 189657613787 -o 402162 NGA

331776 ..080177 27.45633 Optimal decomposition:

331776/ 0.095755]" 6.03256 19.761467|INGS| | dom. size: 3*(11+1)° =5184

331776|0N56146|II8M31877|] 29.455252 |G| | cluster size: 4°=64

Note: domains size ‘N’ is in number of elements per edge of the cube - real size is equal to 3*(N+1)3
Note: avg — average iteration time [s]; sum — total time of all iterations = solution time; prec — cluster preprocessing
time; iter — number of iterations;



HFETI Solver — development stages

e Stage3
— combine both together



Stage 3 — HFETI vs FETI

HFETI vs FETI — one iteration time (measured on Anselm)

iteration time [s]

y o—FETI - CG with 1 reduction
0,006 — ¥ o—HFETI - CG with 1 reduction

0,004 , .

L3

—_— Number of subdomains [-]

0 500 1000 1500 2000

Weak scaling — domain size is fixed; cluster size is fixed; number of domains goes from 1 to 2000
- domain size 53 = 3*(5+1) 3= 648
- cluster size is 16 domains (1 cluster per node; each node has 16 cores - two 8-core CPUs)




HFETI vs FETI - Performance

HFETI vs FETI — one iteration time (measured on Anselm)

0,005
o
0,0045 g 2
0,004 @ &
c ® e
o
0,0035 | & . —
E - ) "'—’- __.
0,003 | £ et
--o--FETI - CG with 1 reduction - GGTINV
0,0025 —e— HFETI - CG with 1 reduction
0,002 ; o— HFETI - CG with 2 reductions
o —e—HFETI - CG with 1 reduction - GGTINV
0,0015 e
0,001 ,,4--0-—"" Number of subdomains [-]
W, 4"‘
0,0005 | f “e”
.
0
0 500 1000 1500 2000

Weak scaling — domain size is fixed; cluster size is fixed; number of domains goes from 1 to 2000
- domain size 53 = 3*(5+1) 3= 648
- cluster size is 16 (1 cluster per node; each node has 16 cores - two 8-core CPUs)
- efficient communication algorithms helps both FETI and HTFETI
- CG with 1 reduction + coarse problem solved using distributed inverse matrix (GGTINV)




HFETI vs FETI - Performance

HFETI vs FETI - one iteration time (measured on Cartesius)
0,0045

0,004
0,0035

| o—FETI
0,003 e —e—HFETI

0,0025

0,002

0,0015

0,001

0,0005 f

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

- cluster size is 8 — (3 clusters per node; each node has 24 cores - two 12-core CPUs)
- comparison of (1) FETI and (2) HFETI, where both FETI a HFETI uses CG with 1 reduction and coarse
problem is solved using distributed inverse matrix of GGT




Conclusions

The solver has the following main features:

e support for Total FETI and Hybrid FETI domain decomposition iterative methods

e support for discretization of static and dynamic linear elasticity problems

— assembly of the stiffness/mass matrices of unstructured meshes using tetra4, prism6,
pyramid>5, brick8, tetral0, prism13,pyramid15, and brick20 elements

e |umped local subdomain pre-conditioner

 |Implementation of the main iterative solver using the following Krylov solvers
— regular Conjugate gradient method (CG) with or without the lumped pre-conditioner
— pipelined CG with or without the lumped pre-conditioner

e coarse problem processing
— solved sequentially on a master node using the LU decomposition
— solved in parallel using a distributed inverse matrix

e support for Intel MIC many-core architecture
— entire solver can run on a (1) single accelerator or a (2) cluster of accelerators using Intel MPI



